We consider spin-1 2 model on the honeycomb lattice [1] in the presence of weak magnetic field h J. Such a perturbation treated in the second order over h leads [2] to the power-law decay of irre-
the paper [2] it was shown that indeed algebraic QSL can be obtained as a result of such a simple perturbation applied to the Kitaev model. It was found [2] that it leads to an appearance of long-range (power-law) contribution to the irreducible spin-spin correlation function S(r, t) = s z r (t)s z 0 (0) , where s r = σ r,1 + σ r,2 is the total spin of an elementary cell. This result was obtained in the leading non-vanishing order in the perturbation strength: power-law contribution to S is proportional to h 2 z . Qualitatively, the result of Ref. [2] can be interpreted in very simple terms: magnetic field provides a coupling between the spin operator and the operator of density of Majorana fermions which are used to diagonalize the unperturbed (h z = 0) Hamiltonian (see below). Once this coupling was demonstrated, the rest of the calculation is rather straightforward: one should calculate density-density correlation function for these free fermions.
However, it worked this way in the lowest order in h z only. Should one be interested in the effects of higher order in the magnetic field, its influence upon the properties of Majorana fermions should be studied. This is the subject of the present Letter: we demonstrate how to calculate spin-spin correlation function in the next (h 4 z ) order and then show that the result can be understood in a very simple terms of rather natural perturbation applied to the free Majorana problem.
We consider the model defined by the Hamiltonian:
Unit vectors n l are parallel to x, y and z axis for the corresponding links x, y and z of the honeycomb lattice: r = m 1 n 1 + m 2 n 2 with integer m 1,2 and translation vectors n 1,2 = (± product φ π = u ij (since u ij = −u ji , we have to choose a particular ordering in this definition: i ∈ even sublattice, j ∈ odd sublattice). The ground state of this model is a symmetrized sum of states with different sets of integrals of motion {u ij }, corresponding to all fluxes equal to 1. Such a symmetrization, however, never needs to be implemented in practice and S(r, t) can be computed with unprojected eigenstates. This is possible due to gauge invariance of the spin operators (in general, one should take care of the parity of fermions in the physical sector, which can depend on the boundary conditions [18] ).
Fixing the gauge (all u ij ≡ 1), we denote by H the corresponding Majorana Hamiltonian: H = −iJ ij c i c j . It can be diagonalized with the use of Fourier transformation; as a result the spectrum of unperturbed Kitaev model
). It is gapless and has two conic points (lattice constant is set to be unity):
Long-range correlation functions are determined by the fermionic fields with momenta close to either K 1 or K 2 . Our original site fermions c iλ are real (here i enumerates elementary cells while λ = 1, 2 selects one of the two sublattices), and after Fourier transform we have c + λ (q) = c λ (−q). As long as we are interested in low-energy behaviour, it is possible to work with complex fermionic fields a λ (p) and a + λ (p) with small momentum p defined as follows:
In terms of a λ (p) fermions our problem can be formulated in a continuous form, without reference to the underlying lattice. Now we introduce 2 × 2 Pauli matrices σ α λµ , acting in the sublattice space, with α = x or y, and present our low-energy Hamiltonian in the Dirac form
where new "Dirac-conjugated" fieldsā λ (p) = −ia We have shown in the previous paper [2] , that magnetic field induces the coupling of spin to Fermionic density, leading to the following result:
where h 0 ∼ J and we have introduced Z 1,2 = e iK1,2r , where conical points wavevectors K 1,2 are defined in Eq. (2) and γ stays for the polar angle of r in the (x, y). Equivalent form of (5) is
Below we will employ the same method of calculation, used in Ref. [2] to obtain Eq.(5), generalizing it to a next order in magnetic field. We will be interested in long-time asymptotics of the spin-spin correlation function, hence rich and important physics of Fermi-edge-like singularity for Majorana Fermions [19, 20] will be of limited importance for us; these time-dependents effects will only restrict the relevant domain of the integration over the intermediate states in the corresponding perturbation theory, as described below.
Reduction of the spin-spin correlation function to fermionic one
We start from the expression for the spin-spin correlation function S(r, t), expanded up to the fourth order in magnetic field h z . It reads (compare with Eq.(2) in Ref. [2] ) as follows:
We are interested in irreducible correlation function, so that we will have in mind that only irreducible diagrams should be taken into account.
It is convenient to introduce complex "bond fermions", defined on z-links as follows: ψ r = 1 2 (c r1 + ic r2 ) and φ r = 
where V r = 4J(ψ + r ψ r − 1 2 ) and H r = H + V r . In the series of transformations shown in Eq (8), we have used: i) the relation between spin and fermionic operators was used for the transformation from line 1 to line 2; ii) commutation relations φe iHt = e iHrt φ and φ + e iHrt = e iHt φ + was used to transform line 2 into line 3, and iii) identities φ + φ|0 >= Following the standard route [21] , we factorize the expression (8) as 2 5 e C L, where C stays for the sum of connected diagrams, e C = T e −i V (τ )dτ and L stays for the contribution of 'connected line'. In the case of t − τ 1 of the order of t this expression oscillates at high frequency ∼ J, suppressing the value of the integral over τ 1 . As a result, the dominating contribution is expected to come from a region of t ≈ τ 1 , but if t > 0 > τ 1 , such a region is absent and the whole contribution in Eq. (8) is small. On the contrary, such a suppression does not occur for the region t > τ 1 > 0.
Here integration over τ 1 is equivalent to the substitution τ 1 → t and multiplying the result by a additional factor (ih 0 ) −1 , where h 0 ∼ J, see [2] for details.
All other pairings of spin operators can be considered similarly. As a result, the whole contribution to spin-spin correlation function of the order h of fermionic density:
wheren T (t, r) =ψ(t, r)ψ + (t, r). The factor of 4 result from two permutations of s z t (r) and the paired spin operator giving the same contribution (the same for s z 0 (0)). Below we introduce short-hand notation x = (r, t). Evaluation of the Fermionic correlation function. Writing x = (r, t), it is convenient to define two Green functions [2] :
G(x) = T ψ(x)ψ + (0) = − T ψ + (0)ψ(x) and F (x) = T ψ(x)ψ(0) = T ψ + (0)ψ + (x) . Explicitely (for t > 0):
and F (x) = −i (Z 1 + Z 2 )r sin γ 4π(3J 2 t 2 − r 2 ) 3/2 .
With these equations, the expectation value in expression (10) can be evaluated with the use of Wick theorem.
Evaluation of the diagrams (see few examples in Fig 2) requires calculation of convolutions of pairs of Green functions.
As a result, combining all the contributions, we get: for the density-density correlation function contribution of the order h 4 z :
